Above Planck energies, the spacetime might become non-Riemannian, as it is known fron string theory and inflation. Then geometries arise in which nonmetricity and torsion appear as field strengths, side by side with curvature. By gauging the affine group, a metric affine gauge theory emerges as dynamical framework. Here, by using the harmonic map ansatz, a new class of multipole like solutions in the metric affine gravity theory (MAG) is obtained.
INTRODUCTION
The study of the gravitational interaction coupled to Maxwell and dilaton fields has been the subject of recent investigations. In the low energy limit of string theory and as a result of dimensional reduction of the Kaluza-Klein Lagrangian, there arises the following four dimensional effective action [1] :
where we denote Einstein's gravitational constant by κ = ℓ 2 /(hc), with ℓ the Planck length,, Φ is the scalar dilaton field, F = dA is the Faraday electromagnetic field strength and α is the dilaton coupling constant that distinguishes the special subtheories contained in (1.1). For α = 0 we have the effective action of the Einstein-Maxwell-dilaton theory, α = 1 represents the low energy string theory where only the U(1)-vector gauge field has not been dropped out, and, for α = √ 3 the action (1.1) is an effective model obtained via the dimensional reduction of the corresponding five-dimensional Kaluza-Klein theory. For all the corresponding field equation solutions are known [2] . In addition, a scheme has been developed in order to generate solutions of this model from solutions of the Laplace equation [3, 2] .
In this paper we are going to map this class of solutions to solutions of metric-affine gravitational theories. The geometrical quantities in a metric-affine gravitational theory (MAG) are a pseudo-Riemannian metric, a coframe and a connection which may possess postRiemannian structures, namely torsion and non-metricity (for a survey of these theories see [4] ). For restricted irreducible pieces of torsion and non-metricity there are similarities between the Einstein-Maxwell system and the MAG field equations. This observation enables us to find new solutions for MAG theories. In order to arrive at new solutions, we impose the condition of stationarity and spherical symmetry.
A new solution with these symmetries with an additional electromagnetic field of a point charge has been presented in [5] . The results of the latter work was to confirm the general structure that the electromagnetic field is not directly influenced by the post-Riemannian structures torsion and non-metricity. In this spirit, we look for a wider class of solutions of the MAG field equations alone.
HARMONIC MAP ANSATZ
To begin with we consider the Papapetrou metric in the following parametrization:
In this Papapetrou parametrization, the Einstein-Maxwell field equations corresponding to the Lagrangian (1.1) reduce to the following set of equations:
3)
for the functions f and k, respectively.
The harmonic map ansatz supposes that each quantity appearing in the metric, namely f and k, depends on a set of functions λ i (z), (i = 1, . . . , p for some integer
and k = k(λ i ). Here each function λ i (z) is assumed to fulfill the Laplace equation [3, 6] 
where
Thus the field equations derived from the Lagrangian (1.1) transform to equations in terms of the functions λ i . In general these equations are easier to solve than the original ones.
Another very important advantage of this method is based on the fact that it is possible to generate for each solution of the Laplace equation (2.5) an exact solution of the field equations derived from (1.1).
A further fortunate feature of this method is that the harmonic map determines the gravitational and the electromagnetic potentials in such a way, that we can choose them to have electromagnetic monopoles, dipoles, quadrupoles, etc. [2] . It is important to note that we have only two constants of integration comming from the solutions to the Laplace equation. One of them is used to guarantee that the solution [3] is regular, and the other one remains free.
Let us now suppose that α = 0 and that the components of the Papapetrou metric depend on one harmonic map λ only. For the corresponding field equations (2.2), (2. 3) and (2.4) we can present a solution: The field equation (2.4) for the function k is always integrable if λ is a solution of the Laplace equation (for more details of this method see [7] ).
The class of solutions we want to deal with here contains the electromagnetic field of a point charge q and is given by
GENERAL QUADRATIC MAG LAGRANGIAN
In a metric-affine spacetime, the curvature has eleven irreducible pieces, see [4] , Table 4 .
If we recall that the nonmetricity has four and the torsion three irreducible pieces, then a general quadratic Lagrangian in MAG reads:
In the above, the signature of spacetime is (−+++), η := * 1 is the volume four-form and the
In the curvature square term we have introduced the irreducible pieces of the antisymmetric part W αβ := R [αβ] and the symmetric part Z αβ := R (αβ) of the curvature two-form. Again, in Z αβ , we meet a purely post-Riemannian part. The segmental curvature
formally a similar structure as the electromagnetic field strength F = dA, but is physically quite different since it is related to Weyl rescalings.
Let us recall the three general field equations of MAG, see [4] Eqs.(5.5.3)-(5.5.5). Because of its redundancy, we can omit the zeroth field equation with its gauge momentum M αβ .
The first and the second field equations read
2)
where the three-forms E α and E 
4)
where we introduced the abbreviations
HARMONIC FIELD CONFIGURATION IN MAG
We work in the spherical polar coordinates (t, r, θ, φ), which lead to the isotropic coframe
with one unknown function f = f (r, θ). Since the coframe is assumed to be orthonormal with the local Minkowski metric o αβ := diag(−1, 1, 1, 1) = o αβ , we have the spherically symmetric metric in isotropic form
As for the torsion and nonmetricity configurations, we concentrate on the simplest nontrivial case with shear. According to its irreducible decomposition (see the Appendix B of [4] ), the nonmetricity contains two covector pieces, namely (4) Q αβ = Q g αβ , the dilation piece, and
a proper shear piece. Accordingly, our ansatz for the nonmetricity reads
The torsion, in addition to its tensor piece, encompasses a covector and an axial covector piece. Let us choose only the covector piece as non-vanishing:
Thus we are left with the three non-trivial one-forms Q, Λ, and T .
In the spherically symmetric case, they should not distinguish a direction in space. The following ansatz turns to be compatible with that condition, [8] , which seems to surface in a related way in the coefficient of (5.8).
Here we introduced the second function u(r, θ) which has to be determined by the field equations of MAG. What is the geometrical content of the above ansatz, or, in other words, what are the consequences for the curvature? If we take the trace of the zeroth Bianchi identity
it merely consists of one irreducible piece 2dQ = Z γ γ = (4) Z γ γ . Consequently Q serves as a potential for (4) Z γ γ in the same way as A for F = dA. In addition, the third part of (4.7)
The similarity in structure of (4.3) and (4.8) is apparent. Indeed, provided the torsion carries only a covector piece, see (4.5), we find
i.e. (3) Q αβ acts as a potential for (3) Z αβ .
EXACT NON-SINGULAR MAG SOLUTIONS
When we substitute the local metric o αβ , the coframe (4.1), and the ansatz (4.6) of the nonmetricity and torsion into the field equations (3.2), (3.3) of the Lagrangian (3.1), we find that the function f (r, θ) has to satisfy the 2D Laplace equation
Moreover, the function u(r, θ) in the ansatz (4.6) has to be a solution of the following equation
The general solutions are given by
n , Q
n , and Q (2) n are arbitrary integration constants, and P n are the Legendre polynomials. Notice that the integration constants for u(r, θ) are embbeded in the constants appearing in the ansatz (4.6).
The coefficients k 0 , k 1 , k 2 in the ansatz (4.6) are determined by the dimensionless coupling constants of the Lagrangian:
A rather weak condition, which must be imposed on these coefficients, prescribes the value
for the coupling constant b 4 , and the following relation for z 4
Due to the fact that the same function u determines the triplet of nonmetricity and torsion one-forms, all constants of the series are equal, certainly a drawback of the ansatz (4.6).
If we collect our results, then the nonmetricity and the torsion read as follows:
Since nonmetricity and torsion are geometric objects like curvature, infinities in their components at spatial infinity are non-physical. For example, torsion can be measured by spinprecession [9] . An infinite torsion will then give rise to a spin precession with an infinite angular velocity at spatial infinity.
In order to avoid such unphysical singularities, we have to demand the vanishing of the corresponding coefficients Q
(1)
Therefore, our final solution is
with free coefficients Q
n and Q
n respresenting its multipolar structure.
This solution was checked with Reduce [10] with its Excalc package [11] for treating exterior differential forms [12] and the Reduce-based GRG computer algebra system [13] .
OUTLOOK
On should be cautious that the physical motivation to go beyond classical Einstein gravity in the MAG model is not completely clear and well founded [14] . Although in view of the problems of other theories, like supergravity and even string field theory [15] in this respect, it appears unfair to ask the question of renormalizability for MAG, one would like to know at which energy scale such a framework can be regarded as an effective gravitational model.
In Ref. [4] , the motivation for MAG came mainly from particle physics and the manifield description of an infinite tower of fermions. One may regards such gauge theories of gravity with Weyl invariance as some small but perspective step towards quantum gravity.
Moreover, the nonmetricity one-form = Q αβ = Q αβi dx with its three spacetime components is known to introduce in general a spin 3 mode. So one needs to derive restrictions on the parameters of the MAG Lagrangian to avoid causality problems which otherwise could occur in quantum field theory [16] arising for such high spin fields. In our case we restricted ourselves to an ansatz (4.4) involving only two covector pieces in the nonmetricity with spin 1. Moreover, it is well known that Einstein's general relativity theory is satisfactorily supported by experimental tests on the macroscopic level. Thus, whereas the gravitational gauge models provide an alternative description of gravitational physics, it is natural to require their correspondence with general relativity at large distances. Unfortunately, direct generalization of the standard Hilbert-Einstein Lagrangian yields an unphysical MAG model which is projectively invariant and, accordingly, imposes unphysical constraints on the matter sources.
Another essential difficulty in the development of a dynamical scheme of MAG was, until recently, the lack of self-consistent models which describe physical (quantum, semiclassical, or classical) sources of MAG possessing mass or energy-momentum and hypermomentum.
It was proposed [17] to take as the gravitational Lagrangian the sum of the (generalized)
Hilbert-Einstein term and the square of the segmental curvature (thus reviving the old proposals of [18] ). Further extensions of this model, which include the quadratic invariants of torsion and nonmetricity, were investigated in the vacuum case in Refs. [19] [20] [21] 28, 24] .
In a recent preprint [23] it has been demonstrated that the MAG model considered here can reduced to an effective Einstein-Proca system. This is admittedly more elegant than the proof of Dereli et al., Ref. [24] . On the other hand, however, this could also imply that this special MAG model has problems with redundant variables.
In the case of restricted Poincaré gauge models (without nonmetricity), a similar reduction (there induced there via a double duality ansatz) was based on the teleparallelism equivalence, see Baekler et al. Ref. [25] . However, it was shown by Lenzen [26] , and later confirmed in Ref. [27] that then necessarily free functions occur in exact torsion solutions.
(The tentavive gauge fixing approach suggested there as a way out met considerable criticism.) Thus for the so-called "viable" set there exist infinite many exact vacuum solutions which may indicate a physically problematic degeneracy of those models. Recent reports to rescue the initial value problem in PG theory by Hecht et al. [28] and the Refs. therein, seem not to be very conclusive, since the problem of free functions seems there to be "swept under the carpet". 
